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Abstract. The probability that a randomly chosen element has a square root

is studied in [1, 2, 8] in the finite case. Here we deal with the infinite case.

1. The compact case

It is well–known that a compact group G has a unique probability measure space
(G,M, µ), where µ is the normalized Haar measure on G. In particular, µ is a left–
invariant positive Radon measure on the σ–algebra M containing the Borel sets.
Furthermore µ is finitely additive. This terminology is standard and details can be
found in [7]. We will refer always to G as a compact group and to µ as the measure
just described. Note that groups admitting such a measure are called amenable:
abelian groups are amenable, but already the free group on two generators is not
amenable, as it is known. Then the nonabelian case is significant.

The map f : x ∈ G 7→ x2 ∈ G is continuous and closed, then

(1.1) f(G) = {x2 | x ∈ G} = G2

is a measurable closed subset of G and it is meaningful to define

(1.2) p(G) = µ(G2)

as the probability that a randomly chosen element in G has a square root. If G
is finite, then µ becomes the counting measure on G, and we get

(1.3) p(G) =
|G2|
|G|

,

which was investigated in [1, 2, 8].
The aim of the present paper is to extend to the infinite case the results of

[1, 2, 8]. We follow the ideas in [4, 5, 9], because they use some general arguments
of P. Erdös, W. H. Gustafson and P. Turan in [3, 6].

2. General properties

The next lemma expresses (1.2) in terms of finite index subgroups.

Lemma 2.1. Let H be a closed subgroup of G and n ≥ 1. If |G : H| = n < ∞,
then µ(H) = 1

n . If |G : H| =∞, then µ(H) = 0.
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Proof. Assume that |G : H| = n is finite. Then G =
n⋃

i=1

giH. So we have

(2.1) 1 = µ(G) = µ(

n⋃
i=1

giH) =

n∑
i=1

µ(giH) =

n∑
i=1

µ(H) = nµ(H)

and therefore µ(H) = 1
n . Now assume that |G : H| =∞ and α = µ(H). If α > 0,

then tα > 1 for some positive integer t. By assumption, G =
⋃
i∈I
giH, where I is an

infinite set. Choose a subset J of I of cardinality t. It follows that

(2.2) 1 = µ(G) ≥ µ(
⋃
j∈J

gjH) ≥
∑
j∈J

µ(gjH) = tα > 1.

This contradicts µ(H) > 0 and the proof of the lemma follows. �

In general G2 is not a subgroup of G but this is true in the abelian case.

Remark 2.2. By Lemma 2.1, if G is abelian, then p(G) = µ(G2) = 1
|G:G2| .

Remark 2.3. When G is abelian, we know that G/G2 is an elementary 2–group.
Remark 2.2 allows us to conclude that the set

(2.3) X = {p(G) | G is a finite abelian group}
coincides with the subset Y = {2−n : n ≥ 0} of [0, 1]. Note that this observation
ends completely the abelian case for finite groups. For infinite groups we have
analogously

(2.4) Z = {p(G) | G is an abelian group} = Y ∪ {0}.
Then we know all the values of (1.2) for abelian groups.

Remark 2.3 agrees with [8, Proposition 2.1]. The two pathological cases p(G) = 0
and p(G) = 1 are described below and for finite groups they can be found in [8].

Remark 2.4. If G is finite, then p(G) ≥ 1
|G| > 0. This can never happen and

we deduce that p(G) > 0. Now assume G is infinite. If G2 is trivial, that is, no
nontrivial element of G has a square root, then p(G) = 0. Conversely, p(G) =
µ(G2) = 0 if and only if G2 has zero µ–measure almost everywhere in G. This case
may happen if and only if G2 is a discrete subset of G (and in particular when G2

is finite). We conclude that p(G) > 0 if and only if G2 is a nontrivial nondiscrete
subset of G.

Remark 2.5. p(G) = 1 if and only if each element of G has a square root. In case
G is an abelian group this is the well-known notion of 2-divisible group (see [7,
Appendix 1]). In fact this means that an arbitrary element g ∈ G can be always
written as g = x2 for a suitable x ∈ G. Equivalently G = G2.

A significant situation is the following. The structure of a compact abelian Lie
group G = Tt × E can be found in [7], where T denotes the solenoidal group, E
is a finite group and t ≥ 0. We know that T is a divisible abelian group (see [7,
Corollary A1.43]). Then

p(G) = µ((Tt × E)2) = µ((Tt)2 × E2) = µ((T2)t) · µ(E2)

= µ(T2)t · µ(E2) = 1t · |E
2|
|E|

=
|E2|
|E|

.
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If G is nonabelian, then the absence (resp. presence) of squares cannot be easily
characterized, but we may always consider the largest closed abelian subgroup of
G, whose existence is ensured by classical results in [7], and characterize here the
absence (resp. presence) of squares as above.

The abelian case is summarized by the following result.

Theorem 2.6. Let G be a nontrivial abelian group. Then:

(i) p(G) = 1 if and only if G is 2–divisible;
(ii) p(G) = 0 if and only if |G : G2| =∞ ;

(iii) Z = Y ∪ {0}, following the notation of Remark 2.3.

Proof. (i). This follows from Remark 2.5.
(ii). This follows from Remarks 2.2 and 2.4.
(iii). This follows from Remark 2.3.

�

Theorem 2.6 extends [8, Theorem 2.4] to the infinite case and allows us to classify
the abelian groups by means of (1.2).

Remark 2.7. A classical Wilcox’s Theorem in [7] implies that a connected compact
group is 2-divisible. Then p(G) = 1 for each connected compact group.

Since µ is finitely additive, (1.2) is multiplicative as a usual probability function.
Therefore the following observation is straightforward.

Remark 2.8. Let A and B be two compact groups. Then p(A×B) = p(A)p(B).

Now we are going to do some considerations on the limit cases 0 and 1 with
respect to (1.2). We distinguish an abelian case and a nonabelian case.

Corollary 2.9. For any ε ∈ R with ε > 0, there exists an abelian group G such
that 0 < p(G) < ε.

Proof. Consider n > 1 such that 1/2n < ε and the compact abelian group G =
A×B, where A is a finite elementary abelian 2–group such that p(A) = 1/2n and
B is a 2–divisible abelian group. By Theorem 2.6 (i), Remark 2.8 and [8, Corollary
2.5], p(G) = p(A) · p(B) = 1/2n · 1 < ε. �

Corollary 2.10. For any ε ∈ R with ε > 0, there exists a nonabelian group G such
that 1− ε < p(G) < 1.

Proof. Consider n > 1 such that 1/2n < ε and the nonabelian compact group
G = A × B, where A = PSL(2, 2n) and B is a 2–divisible abelian group. By

Theorem 2.6 (i), Remark 2.8 and [8, Corollary 3.2], p(G) = p(A) ·p(B) = (2n−1)
2n ·1.

On the other hand, 1− ε < (2n−1)
2n < 1, therefore 1− ε < p(G) < 1. �

Corollaries 2.9 and 2.10 extend [8, Corollaries 2.5, 3.2]. In particular, we have
just proved that 0 and 1 are accumulation points for the subset

(2.5) T = {p(G) | G is a compact group}

in the interval [0, 1].
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3. A result of density

This section is devoted to extend both Corollaries 2.9, 2.10 and [2, Theorem 1.1]
to the context of the compact groups. Most of the following proof is just like the
proof of [2, Theorem 1.1] and is adapted to convenience of the reader.

Theorem 3.1. The set T in (2.5) is dense in [0, 1].

Proof. By Corollaries 2.9, 2.10, there is no loss of generality in showing that, if
0 < x < 1, then x is a limit point of T . There exists an integer m such that
1/2 < 2mx < 1. Note that (0, 1) =

⋃
m≥0

[1/2m+1, 1/2m). Let y = 2mx. We can

choose an integer n1 ≥ 1 such that

(3.1) (2n1 − 1)/2n1 ≤ y ≤ (2n1+1 − 1)/2n1+1,

noting that [1/2, 1) =
⋃
n≥1

[(2n − 1)/2n, (2n+1 − 1)/2n+1). Let s1 = (2n1 − 1)/2n1

and r1 = (2n1+1 − 1)/2n1+1. Again we can choose an integer n2 ≥ 1 such that

(3.2) (2n2 − 1)/2n2 ≤ y/r1 ≤ (2n2+1 − 1)/2n2+1,

noting that 1/2 ≤ y/r1 < 1. As before, let s2 = (2n2 − 1)/2n2 and r2 = (2n2+1 −
1)/2n2+1. Iterating this process, there exist positive integers n1, n2, n3, . . . and two
sequences {si} and {ri} such that si = (2ni − 1)/2ni , ri = (2ni+1 − 1)/2ni+1 and
si ≤ y

r1r2...ri−1
< ri for all i ≥ 1. Of course, 0 < si < ri < 1 for all i ≥ 1. We have

ni ≤ ni+1 for all i ≥ 1, since

(3.3) si ≤
y

r1r2 . . . ri−1
<

y

r1r2 . . . ri−1ri
< ri+1.

Thus {si} is a monotonically increasing sequence, bounded by 1, and so convergent.
Moreover, {si} has infinitely many distinct terms; otherwise {si}, and hence {ri},
would be eventually constant, and so, for some j ≥ 1, we would have

(3.4)
y

r1r2 . . . rj−1r
k−1
j

< rj

or r1r2 . . . rj−1r
k
j for k ≥ 1. This is impossible, since y > 0 and lim

k→∞
rkj = 0.

Therefore, {si} converges to 1 (after omitting repeated terms), because it is a sub-
sequence of {(2n− 1)/2n}. This allows us to note that the sequence {ai} converges
to 1, where ai = y/r1r2 . . . ri−1. Consequently, the sequence {bi} converges to y,
where bi = r1r2 . . . ri−1. Thus we have

(3.5) lim
k→∞

r1r2 . . . ri−1
2m

=
y

2m
= x.

For each i ≥ 1 we consider the compact group G(i) = G0 ×G1 × . . .×Gi−1, where
B is a 2–divisible abelian group, Z(2) denotes the cyclic group of order 2 (this
terminology is more usual in compact groups, see [7]) and

(3.6) G0 = Z(2)× . . .× Z(2)︸ ︷︷ ︸
m−times

×B = Z(2)m ×B

and Gk = PSL(2, 2nk+1) × B. Remark 2.8 and the calculations in Corollaries 2.9
and 2.10 imply

(3.7) p(G(i)) = p(G0)p(G1) . . . p(Gi−1) =
1

2m
r1r2 . . . ri−1.
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We have lim
i→∞

p(G(i)) = x and so the result follows. �
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