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Abstract
Minimal non-F C-groups have been largely investigated and their structure is well-known. Minimal non-CC-groups, a first generalization of minimal non-F C-groups, have been investigated more recently and their complete description is still unknown. The present paper deals with generalizations of the notion of minimal non-F C-group in the context of locally
nilpotent and locally solvable groups.
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Terminology

Let X be a class of groups. A group belonging to X is called X-group. Following
[9, 10, 12], X is Sn -closed, if every normal subgroup of an X-group is an X-group.
X is N-closed, if the subgroup generated by any system of normal X-subgroups
of a group is an X-group. X is P-closed, if every extension of an X-group is an
X-group. From now, X will be Sn -, N- and P-closed.
An element x of a group G is said to be XC-central, if G/CG (hxiG ) is
an X-group (see [10]). An XC-group is a group in which all the elements are
XC-central. In an XC-group we may introduce the upper XC-central series,
generalizing the usual notion of upper central series of a group. This gives
the corresponding notions of XC-center, XC-hypercenter and XC-length of a
group. See [2], [8, Section 1], [10, Sections 1, 2], [12, Chapters 4, 5] and [13].
If X is the class F of all finite groups, we have the notion of F C-hypercentral
group. See [12, Chapters 4, 5] and [2, 8]. If X is the class PF of all polycyclic-byfinite groups, we have the notion of P C-hypercentral group. See [2, 4, 8, 10]. If
X is the class C of all Chernikov groups, we have the notion of CC-hypercentral
group. See [2, 8, 10]. If X is the class S2 F of all (solvable minimax)-by-finite
groups, we have the notion of M C-hypercentral group. See [6, 7, 10, 13].
We list the following classes of groups, which can be found in [9, Chapter 5].
- S0 is the class of all solvable groups with f inite abelian ranks. S0 F is
the class of all (finite abelian rank solvable)-by-finite groups. An element
x of a group G is said to be S0 C-central, if G/CG (hxiG ) is an S0 F-group.
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- S1 is the class of all solvable groups with f inite abelian total rank. S1 F
is the class of all (finite abelian total rank solvable)-by-finite groups. An
element x of a group G is said to be S1 C-central, if G/CG (hxiG ) is an
S1 F-group.
- S2 is the class of all solvable minimax groups. S2 F is the class of all
(minimax solvable)-by-finite groups. An element x of a group G is said
to be S2 C-central, if G/CG (hxiG ) is an S2 F-group. S2 C-groups, or M Cgroups, are described in [7, 13].
- S3 is the class of all solvable groups with f inite torsion-f ree rank. S3 F
is the class of all (finite abelian torsion-free rank solvable)-by-finite groups.
An element x of a group G is said to be S3 C-central, if G/CG (hxiG ) is an
S3 F-group.
- S4 is the class of all solvable groups with f inite P rüf er rank. S4 F is
the class of all (finite Prüfer rank solvable)-by-finite groups. An element
x of a group G is said to be S4 C-central, if G/CG (hxiG ) is an S4 F-group.
From [9, Figure 5.1, p.86] and the above definitions, it is clear that the following
diagram is true.

Fig.1.1. A schematic illustration of some classes of generalized F C-groups.
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It is instructive to compare Fig.1.1 with [9, Figure 5.1, p.86]. This justifies
our natural approach to generalized F C-groups.
Recall that a group G is called minimal non-F C-group if it is not an F Cgroup but all whose proper subgroups are F C-groups. The above considerations
allow us to extend such a notion for i ∈ {0, 1, 2, 3, 4}. More precisely, a group
G is called minimal non-Si C-group if it is not an Si C-group but all whose
proper subgroups are Si C-groups. Looking at the results in [9, Chapter 5], we
note that Si F coincides with C for a periodic group, where i ∈ {0, 1, 2, 3, 4}.
Then minimal non-Si C-groups are exactly the groups in [3, 11]. See also [14].
Of course, we may illustrate a diagram as Fig.1.1 for the inclusions between
minimal non-F C-groups, minimal non-CC-groups, minimal non-P C-groups and
minimal non-Si C-groups, where i ∈ {0, 1, 2, 3, 4}.
After the preliminary results in Section 2, we describe minimal non-Si Cgroups in Section 3.
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Preliminaries

The following condition generalizes some circumstances which can be found in
[5, Lemma 4, Theorem 1, Theorem 2] for S0 C-groups.
Condition 2.1. Let i ∈ {0, 1, 2, 3, 4} and x be an element of a group G. If
G is an Si C-group, then hxiG is an Si F-group.
We know from [5, Theorem 1] that Condition 2.1 is always verified for i = 0.
This is true also for i = 2, since S2 C-groups are a subclass of S0 C-groups. Unfortunately, [5, Example p.150] shows that this is false for i = 1, 3, 4. Note that
Condition 2.1 defines the so called Dietzmann classes. See [10] for details.
Let G be a group. A subgroup H of G is said to be F-perfect if it has no
proper subgroups of finite index (in H). See [12, Vol.2, Sections 9.2, 9.3] or [7].
The subgroup R(G) of G generated by all F-perfect subgroups of G is clearly
F-perfect. R(G) is called the F-perf ect part of G. Obviously, D(G) ≤ R(G),
where D(G) is the subgroup of G generated by all Chernikov divisible normal
subgroups of G.
Remark 2.2. Let G be an S2 C-group. If D(G) is trivial, then G/Z(G) is
a residually finite group (see [7, p.226, l.3-9]). Note that this is due to the fact
that an S2 F-group G with trivial D(G) has a torsion-free subgroup of finite index. This happens also for S0 F-groups, S1 F-groups, S3 F-groups, S4 F-groups,
as shown by [9, 5.2.2, 5.2.3, 5.2.4, 5.2.6, 5.2.9, 5.2.10, 5.2.11, 5.3.1, 5.3.2, 5.3.6,
5.3.7, 5.3.8, 5.3.9, 5.3.10, 5.3.11]. Therefore an S0 C-group G with trivial D(G)
has G/Z(G) which is a residually finite group. The same happens for an S1 Cgroup, an S3 F-group and an S4 F-group.
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The following result is mainly due to the previous remark. See also [7, Lemma 2].
Lemma 2.3. Assume that Condition 2.1 is true and that i ∈ {0, 1, 2, 3, 4}.
If G is an Si C-group and D(G) is trivial, then R(G) ≤ Z(G). If D(G) is nontrivial, then D(G) ≤ Z(R(G)) and R(G)/D(G) is a torsion-free divisible abelian
group.
Proof. Let x be an element of G. Then R(G) is contained in every subgroup H of G of finite index such that H ≥ CG (hxiG ). Since G/CG (hxiG ) is a
residually finite group, we have that R ≤ CG (hxiG ). It follows that
\
CG (hxiG ) = Z(G),
R(G) ≤
x∈G

as required. Now assume that D(G) is nontrivial and consider R(G)/D(G).
We may repeat the same argument so that R(G)/D(G) ≤ Z(G/D(G)). Note
that the largest periodic subgroup of R(G)/D(G) is divisible abelian so that
R(G)/D(G) is torsion-free. If y ∈ D(G), then hyiG is an Si F-group by Condition 2.1. Since D(G) is abelian, hyiG is bounded and so finite. Thus, G/CG (hyiG )
is finite, too. We deduce that R(G) ≤ CG (hyiG ). As before,
\
CG (hyiG ) = Z(D(G)) = D(G) ∩ Z(R(G)),
D(G) ≤ R(G) ≤
y∈D(G)

from which D(G) ≤ Z(R(G)), as required. Then the result follows.
Now, we are in position to extend some results on chain conditions in generalized
F C-groups as for instance [2, Proposition 6], [4, Theorem 3.2], [8, Corollary 2.3]
and [12, Theorems 4.37, 4.38]. We consider mainly two cases: locally nilpotent
case and locally solvable case.
Proposition 2.4. Let i ∈ {0, 1, 2, 3, 4} and G be a group with trivial R(G).
If G is a locally nilpotent Si C-group, then G is hypercentral. If G is a locally
solvable Si C-group, then G is hyperabelian.
Proof. Assume that G is a locally nilpotent Si C-group. If i = 2, then the
result is true by [6, Theorem 3].
Let i 6= 2 and consider G/R(G). We note that G/R(G) has no nontrivial
divisible normal subgroups and so it is a locally nilpotent P C-group. Applying
[4, Theorem 3.2], G/R(G) is hypercentral of type at most ω. Since R(G) is
trivial, the result follows.
Assume that G is a locally solvable Si C-group. If i = 2, then the result is
true by [6, Theorem 4].
Let i 6= 2 and consider G/R(G). We note that G/R(G) has no nontrivial
divisible normal subgroups and so it is a locally solvable P C-group. Applying
again [4, Theorem 3.2], G/R(G) is hyperabelian of type at most ω. Since R(G)
is trivial, the result follows.
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Remark 2.5. If Condition 2.1 is true, then for each i ∈ {0, 1, 2, 3, 4} an Si Cgroup is a locally-(normal and Si F-group). The converse is true for P C-groups
[4, Theorem 2.2] and periodic CC-groups [12, Theorem 4.6]. A nonperiodic
CC-group shows that the converse of Condition 2.1 is false. See [10, Example
B.8 d].
Lemma 2.6. Assume that i ∈ {0, 1, 2, 3, 4}. If G = HK is the product of
a normal Si F-group H by an Si C-group K, then G is an Si C-group.
Proof. Let x be an element of G. Since a quotient of an Si C-group is
an Si C-group, G/H is an Si C-group and so (G/H)/CG/H (hxHiG/H ) is an
Si F-group. Therefore K/CK (hxiK ) is an Si F-group, where x = xH. Since
CH (hxiH ) ∩ CK (hxiK ) ≤ CHK (hxiHK ), G/CG (hxiG ) = (HK)/CHK (hxiHK ) is
isomorphic to a subgroup of (HK)/(CH (hxiH ) ∩ CK (hxiK )). But, this is isomorphic to a subgroup of
(HK)/CH (hxiH ) × (HK)/CK (hxiK ) ≤ hH/CH (hxiH ), K/CK (hxiK )i = A.
Now, A is an Si F-group, because Si F is Sn -, N- and P-closed. Then x is an
Si C-element of G. The choice of x was arbitrary, then we may conclude that G
is an Si C-group.
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Main results

The present Section deals with the main result of the paper. Note that minimal
non-hypercentral groups, and indirectly minimal non-hyperabelian groups,
are known by [1].
Proposition 3.1. Let i ∈ {0, 1, 2, 3, 4} and G be a locally nilpotent group
in which every proper subgroup H of G has trivial R(H). If one of the following
conditions is true:
(i) G is a minimal non-Si C-group;
(ii) G is a minimal non-CC-group;
(iii) G is a minimal non-P C-group;
(iv) G is a minimal non-F C-group;
then either G is a hypercentral group or it is a minimal non-hypercentral group.
Proof. Fix i ∈ {0, 1, 2, 3, 4} and G be a minimal-non-Si C-group. From Proposition 2.4, every proper subgroup H of G is hypercentral. The result follows.
Proposition 3.2. Let i ∈ {0, 1, 2, 3, 4} and G be a locally solvable group in
which every proper subgroup H of G has trivial R(H). If one of the following
conditions is true:
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(i) G is a minimal non-Si C-group;
(ii) G is a minimal non-CC-group;
(iii) G is a minimal non-P C-group;
(iv) G is a minimal non-F C-group;
then either G is a hyperabelian group or it is a minimal non-hyperabelian group.
Proof. Fix i ∈ {0, 1, 2, 3, 4} and G be a minimal non-Si C-group. From Proposition 2.4, every proper subgroup H of G is hyperabelian. The result follows.
Proposition 3.3. Fix i ∈ {0, 1, 2, 3, 4}. If G is a minimal non-Si C-group
and Condition 2.1 is true for every proper subgroup of G, then Si (G) is trivial.
In particular, Z(G) is trivial.
Proof. Lemma 2.6 implies that G has no nontrivial normal subgroups which are
Si F-groups. Assume that Si (G) is a nontrivial subgroup of G. By assumptions,
Si (G) has to be a proper subgroup of G so it satisfies Condition 2.1. Therefore,
hxiG is an Si F-group, where x is an element of Si (G). From this, hxiG has to
be trivial and so Si (G) must be trivial. From this contradiction and from the
fact that Si (G) ≥ Z(G), the result follows.
Remark 3.4. Hypercentral groups, F C-hypercentral groups, P C- hypercentral
groups, CC-hypercentral groups and M C-hypercentral groups can be very different as shown by the infinite dihedral group or by examples in [2, 8, 13]. This
implies that Propositions 3.2 and 3.3 give strong restrictions for minimal nonSi C-groups.
Acknowledgement. The author is indebted to Prof. N. Trabelsi for his deep
suggestions on the topic.
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