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Abstract. We describe some recent contributions on the probability of commuting pairs, introduced by P. Erdős, W.
Gustafson and P. Turán around 1968 and 1973. Both combinatorial methods and character theory have significant
application in this context and we illustrate some standard techniques and strategies, once generalizations of the
probability of commuting pairs want to be studied. The importance of the subject is emphasized in some remarks
and open questions, which reformulate some classical conjectures in group theory via a probabilistic approach.

1. Generalizations of the commutativity degree
If the commutator [x, y] = x−1 y −1 xy of two elements x and y of a finite group G is trivial, then x and y are
permutable and, roughly speaking, we can proceed to a detailed description of G. In fact, it is well–known that there
are satisfying results of classification for finite abelian groups. The question can be seen from a wider point of view:
we can ask how an algebraic structure, not necessarily a group, is close to have all elements which are permutable,
involving algebras, graphs and so on.
Originally, the idea goes back to the works [17, 24, 26, 41], where it is investigated in various ways, and with
different techniques, the influence of the number of the commuting pairs of elements on the structure of a finite group.
The case of an infinite group was initiated in [26], involving compact groups and suitable measures of probability,
and already in this work W. Gustafson noted the role of the differential geometry and of the abstract harmonic
analysis in order to do a significant parallel with the finite case. In a certain sense [17, 24, 26, 41] are mile stones
for an entire line of research, largely exploited in [6, 11, 12, 13, 14, 16, 18, 20, 23, 25, 30, 32, 43] in the finite case
and [19, 21, 22, 27, 35, 36] in the infinite case. The papers [31, 44] are just mentioned in order to show that it is
possible to variate the condition on [x, y] involving arbitrary words, which could not be the commutator word [x, y]:
Still we can draw conclusions on the structure of the group from restrictions of probabilistic nature.
The commutativity degree of a finite group G is defined as the ratio
(1.1)

d(G) =

|{(x, y) ∈ G2 | [x, y] = 1}|
|G|2

and in [18] the n–th nilpotency degree
(1.2)

d(n) (G) =

|{(x1 , . . . , xn , xn+1 ) ∈ Gn+1 | [x1 , . . . , xn , xn+1 ] = 1}|
|G|n+1

is clearly a generalization of d(G), when n = 1. Similarly, the relative n–th nilpotency degree
(1.3)

d(n) (H, G) =

|{(x1 , . . . , xn , xn+1 ) ∈ H n × G | [x1 , . . . , xn , xn+1 ] = 1}|
,
|H|n |G|

where H is a subgroup of G, is a generalization of d(G), when n = 1 and H = G.
More recently, the following concepts were introduced, unifying most of the previous notions. Given two subgroups
H and K of G and two integers n, m ≥ 1, in [2] it was defined
(1.4)

pg(n,m) (H, K) =

|{(x1 , . . . , xn , y1 , . . . , ym ) ∈ H n × K m | [x1 , . . . , xn , y1 , . . . , ym ] = g}|
|H|n |K|m

as the probability that a randomly chosen commutator of weight n + m of H × K is equal to a given element of G.
The case n = m = 1 can be found in [11] and is called generalized commutativity degree of G. For n = m = 1 and
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H = K = G,
p(1,1)
(G, G) = pg (G) =
g

(1.5)

|{(x, y) ∈ G2 | [x, y] = g}|
|G|2

is the probability that the commutator of two group elements of G is equal to a given element of G in [34]. When
g = 1,
(1,1)

(1.6)

p1

(G, G) = p1 (G) = d(G) =

|Irr(G)|
|{(x, y) ∈ G2 | [x, y] = 1}|
=
,
|G|2
|G|

where Irr(G) denotes the set of all irreducible complex characters of G. In fact, [34, Theorem 2.1] exploits this
connection among character theory and probability on groups, illustrating that
1 X χ(g)
.
(1.7)
pg (G) =
|G|
χ(1)
χ∈Irr(G)

(n,1)

In particular, we have p1

(H, G) = d(n) (H, G) and

p(1,1)
(H, G) =
g

(1.8)

X |H|hχH , χH i
1
|{(x, y) ∈ H × G | [x, y] = g}|
=
χ(g),
|H| |G|
|H||G|
χ(1)
χ∈Irr(G)

where χH denotes the restriction of χ to H and h , i the usual inner product of characters.
In order to show some classical results, related to the above concepts, we can see that the idea is to begin from
bounds on the probability and then to get to restrictions on the group. The following theorem shows this fact, when
we deal with (1.4).
Theorem 1.1 (See [2], Theorem 3.3). Let G be a finite group, H, K subgroups of G and p be the smallest prime
divisor of |G|. Then
2pn +p−2
pm+n ;
n
(n,m)
(1−p)|YH n |+p|H n |
H (K)|
(H, K) ≥
(ii) pg
− (|K|+p)|C
;
|H n | |K m |
|H n | |K m |
n
where YH n = {[x1 , . . . , xn ] ∈ H | CK ([x1 , . . . , xn ]) = 1}.
(n,m)

(i) pg

(H, K) ≤

As consequence we have the following restriction on the index of the centralizers.
(n,m)

Corollary 1.2 (See [2], Corollary 3.4). In Theorem 1.1, if pg
p·p

1
n
1

(p − 2) n

(H, K) =

2pn +p−2
pm+n

and p 6= 2, then

≥ |H : CH (K)|.

Another interesting application can be found in [32], where it is defined the exterior degree
|{(x, y) ∈ G2 | x ∧ y = 1}|
|G|2
of a finite group G, where ∧ denotes the exterior product, related to the nonabelian tensor square of a finite group,
introduced in [4, 5, 15] and largely studid in topology and K–theory. Still we have a modification of the notion of
d(G) and the knowledge of upper and lower bounds allows us to give restrictions of structural nature on G.
(1.9)

d∧ (G) =

2. A reformulation for subgroups lattices
In the present section we want to illustrate some variation on the theme of the commutativity degree, recently
investigated in [33, 46]. Given two subgroups H and K of a finite group G, the product HK = {hk | h ∈ H, k ∈ K}
is not always a subgroup of G. H and K permute if HK = KH, or equivalently, if HK is a subgroup of G. H is said
to be permutable (or quasinormal ) in G, if it permutes with every subgroup of G. It is possible to strengthen this
notion in the sense of Kegel (see [33]), saying that H is S–permutable (or S–quasinormal ) with K, if H permutes
with all Sylow subgroups of K (for all primes in the set of the prime divisors of the order of K). If H permutes with
all Sylow subgroups of G, we say that H is S–permutable in G.
We recall that the set of all subgroups of G is called the subgroup lattice of G and is denoted by L(G). It is a
complete bounded lattice with respect to the set inclusion, having initial element the trivial subgroup {1} and final
element G itself (see [45]). Its binary operations ∨, ∧ are defined in the usual way as X ∧Y = X ∩Y , X ∨Y = hX ∪Y i,
for all X, Y ∈ L(G). Furthermore, L(G) is modular, if all the subgroups of G satisfy the well known modular law.
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G is said to be modular, if L(G) is modular (see [45, Section 2.1]). This notion is related to the following concept.
A group G is said to be quasihamiltonian, if all of its subgroups are permutable. By a result of Iwasawa [45,
Theorem 2.4.14], quasihamiltonian groups are characterized in terms of generators and relations, but, at the same
time, these groups are characterized to be nilpotent and modular (see [45, Exercise 3, p.87]). Immediately we note
that restrictions on L(G) influence the structure of G.
If S(G) is a nonempty sublattice of L(G), the symbol S ⊥ (G) denotes the set of all subgroups H of G which
are permutable with all S ∈ S(G). It is easy to check that S ⊥ (G) is a sublattice of L(G). If S(G) = Syl(G)
is the set of all Sylow subgroups of G (for all primes), then Syl⊥ (G) is the set of all S–permutable subgroups of
G. If S(G) = L(G), then L⊥ (G) is the set of all permutable subgroups of G. It turns out that a group G is
quasihamiltonian if and only if L(G) = L⊥ (G). By analogy, a group G in which all subgroups are S–permutable
is characterized by the condition L(G) = Syl⊥ (G) and this happens exactly when G is a nilpotent group. More
generally, it is possible to deduce structural information on G by looking at the condition S ⊥ (G) = L(G) for a given
choice of S(G) and not necessarily for S(G) = Syl(G).
In [33] it was introduced the following notion, generalizing the subgroup commutativity degree in [46] and similar
investigations in [42].
Definition 2.1 (See [33], Definition 2.1). For a group G,
|{(X, Y ) ∈ L(G)2 | X is S − permutable with Y }|
,
|L(G)|2
is the subgroup S–commutativity degree of G.
spd(G) =

Immediately we are able to characterize a large class of groups having spd(G) = 1.
Proposition 2.2 (See [33], Proposition 2.5). For a group G we have spd(G) = 1 if and only if G is nilpotent.
There are open questions on the possibility to characterize other classes of groups as in Proposition 2.2 for values
of spd(G) 6= 1. To sake of completeness, we list some bounds on spd(G), which may be useful in this prospective.
Corollary 2.3 (See [33], Corollary 2.14). Let G be a group and N be a normal subgroup of G such that G/N and
N are nilpotent. Then
 |L(N )| + |L(G/N )| − 1 2
spd(G) ≥
.
|L(G)|
Corollary 2.4 (See [33], Corollary 2.15). Let G be a group and N be a normal subgroup of G of prime index. Then
1
(spd(N )|L(N )2 + 2|L(N )| + 1).
spd(G) ≥
|L(G)|2
We end this section, pointing out that for an infinite group it is open the problem to study a corresponding
version of the subgroup commutativity degree and a corresponding version of the subgroup S–commutativity degree.
The main problem is to find suitable measures on L(G), where G needs to be a compact group inducing a topology
on L(G). The easy consideration of products of countably many finite groups gives us some evidences for which a
general treatment should be possible.
3. A reformulation of Dade’s Conjecture
In the present section we end with a connection among the probability in group theory and variation of the well
known Dade’s Conjecture (see [1]). We recall from [3, 28, 37, 38, 40, 39] the following notions.
Definition 3.1. Let G be a finite group and p be a prime number. The set of all p-subgroups of G is denoted by
P(G). A totally ordered subset of P(G) is called a chain in P(G). We write a chain σ in P(G) in the form
σ : Q0 < Q1 < Q2 < . . . < Qk ,
where Qi is a p–subgroup of G, for 0 ≤ i ≤ k and Q0 = {1}. The length, or dimension dim(σ), of σ is the integer k.
Let Sp (G) denotes the set of all chains in P(G). If g ∈ G and σ ∈ Sp (G) then G acts by conjugation on Sp (G) as
follows:
σ g := g −1 σg : Qg0 < Qg1 < Qg2 < . . . < Qgk .
The subgroup
k
\
Gσ := NG (σ) :=
NG (Qi ) ≤ NG (Qi )
i=1
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is the normalizer of σ in G. With the symbol Ap (G) we denote the subset of Sp (G) consisting of all chains consisting
of elementary abelian p-subgroups of G.
Now we should recall some rudiments of representation theory from [29]. A representation of degree n over
a field F is a homomorphism of groups ρ : G → GL(n, F ). It turns out that ρ induces naturally an n × n
matrix Mρ with coefficients in F . A representation is reducible, if Mρ can be reduced in blocks, where we can
distinguish the corresponding matrices of the blocks as induced by representations of degree smaller than n. If
F = C, Frobenius proved in 1896 that G has only finitely many equivalence classes of irreducible representations
over F and their number coincides with the number k(G) of the conjugacy classes in G. If ρi : G → GL(di , C)
denote the irreducible representations of G of degree di , where i = 1, 2, . . . , k(G), then each di divides |G| and we
have |G| = d21 + d22 + . . . + d2k(G) . Now it is interesting to see which powers of p divides di . If pδi denotes the highest
power of p dividing |G|/di , we say that δi is the p-defect of ρi . If P is a p-Sylow subgroup of G of order pa , then
δi ∈ {0, 1, . . . , a} for all i = 1, 2, . . . , k(G). Therefore we can omit the index i and define, for δ ∈ {0, 1, . . . , a}, kδ (G)
as the number of irreducible representations of p-defect δ of G.
E. Dade came up in the last 20 years with series of conjectures [7, 8, 9, 10] related to the structure of G. The
simplest of these conjectures is the following.
Conjecture 3.2.
kδ (G) =

X
(−1)dim(σ) kδ (Gσ )
σ

for δ > 0, where σ ranges over a set of representatives for the conjugacy classes of non-empty chains in Ap (G).
Then we can define the following probability:
(3.1)

procomp(p) (G) =

|{(g, σ) ∈ G × Sp (G) | g −1 σg = σ}|
.
|G||Sp (G)|

In a more useful form, we have
(3.2)

procomp(p) (G) =

1
·
|G||Sp (G)|

X

|Gσ |,

σ∈Sp (G)/G

where Sp (G)/G denotes the set of representatives which we obtain from Sp (G) under the natural action of G. For
instance, if G = S3 is the symmetric group on 3 letters and p = 2, then procomp(2) (S3 ) = 73 . If p = 3, then
procomp(3) (S3 ) = 1.
For H a subgroup of G, we can view procomp(p) (H) as a function from the subgroups of G to the interval [0, 1].
So, we follow G. R. Robinson approach [28, 38], to consider an alternating sum over the representatives of the action
of G on Sp (G). A treatment with probabilistic techniques of procomp(p) (G) is still open and its importance is related
to the following remark.
Remark 3.3. The solution of Dade’s conjecture can be seen from the point of view of (3.1). In fact, a solution of
X
(3.3)
(−1)dim(σ) procomp(p) (Gσ ) = procomp(p) (G),
∅6=σ∈Sp (G)/G

where σ ranges over a set of representatives for the conjugacy classes of non-empty chains in Sp (G), would be a
significant progress in order to attack Dade’s conjecture. Numerical evidences show that several groups satisfying
Conjecture 3.2 satisfy also (3.3).
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